229 Th is unique in that it possesses an isomeric state of only a few eV above the ground state, suitable for nuclear laser excitation. An optical clock based on this transition is expected to be a very sensitive probe for variations of fundamental constants, but the nuclear properties of both states have to be determined precisely to derive the actual sensitivity. We carry out isotope shift calculations in Th + and Th 2+ including the specific mass shift, using a combination of configuration interaction and all-order linearized coupled-cluster methods and estimate the uncertainty of this approach. We perform experimental measurements of the hyperfine structure of The nuclear structure of 229 Th is of special interest because of the near-degeneracy of its ground state with an isomer whose energy has been evaluated from differences of γ transition energies to be 7.8(5) eV [1] . As a result, 229 Th is the only known nucleus with a transition in a laser-accessible region. A possibility to drive this nuclear transition coherently with a narrowband laser will open a new regime of precision nuclear spectroscopy, with the application to provide the reference for an optical nuclear clock [2] . In addition to the metrology applications, the development of the nuclear clock is of particular interest to searches for physics beyond the standard model of elementary particles due to the potentially very high, |K| = 10 4 − 10 5 , sensitivity to the variation of the finestructure constant α [3]. For comparison, the largest enhancement among the currently operating atomic clocks is |K| = 6 [4]. Moreover, the nuclear clock would be sensitive not only to the variation of α, but also to the variation of ratio of the quark masses m q to the quantum chromodynamics (QCD) scale Λ QCD [3] , which none of the atomic optical clocks are sensitive to. This subject became of even larger interest recently, when the variation of the fundamental constants was directly linked to the dark matter searches [5, 6] . However, the large enhancement factor K for the nuclear clock remains a subject of an open controversy [7, 8] , which can be resolved via the determination of the Th nuclear parameters [9] , including the change in the root-mean-square (rms) charge radius between the isomer and the Th nuclear ground state, which is the goal of the present work.
The isotope
229 Th is unique in that it possesses an isomeric state of only a few eV above the ground state, suitable for nuclear laser excitation. An optical clock based on this transition is expected to be a very sensitive probe for variations of fundamental constants, but the nuclear properties of both states have to be determined precisely to derive the actual sensitivity. We carry out isotope shift calculations in Th + and Th 2+ including the specific mass shift, using a combination of configuration interaction and all-order linearized coupled-cluster methods and estimate the uncertainty of this approach. We perform experimental measurements of the hyperfine structure of Th 2+ and isotopic shift between 229 Th 2+ and 232 Th 2+ to extract the difference in root-mean-square radii as δ r 2 232,229 = 0.299 (15) The nuclear structure of 229 Th is of special interest because of the near-degeneracy of its ground state with an isomer whose energy has been evaluated from differences of γ transition energies to be 7.8(5) eV [1] . As a result, 229 Th is the only known nucleus with a transition in a laser-accessible region. A possibility to drive this nuclear transition coherently with a narrowband laser will open a new regime of precision nuclear spectroscopy, with the application to provide the reference for an optical nuclear clock [2] . In addition to the metrology applications, the development of the nuclear clock is of particular interest to searches for physics beyond the standard model of elementary particles due to the potentially very high, |K| = 10 4 − 10 5 , sensitivity to the variation of the finestructure constant α [3] . For comparison, the largest enhancement among the currently operating atomic clocks is |K| = 6 [4] . Moreover, the nuclear clock would be sensitive not only to the variation of α, but also to the variation of ratio of the quark masses m q to the quantum chromodynamics (QCD) scale Λ QCD [3] , which none of the atomic optical clocks are sensitive to. This subject became of even larger interest recently, when the variation of the fundamental constants was directly linked to the dark matter searches [5, 6] . However, the large enhancement factor K for the nuclear clock remains a subject of an open controversy [7, 8] , which can be resolved via the determination of the Th nuclear parameters [9] , including the change in the root-mean-square (rms) charge radius between the isomer and the Th nuclear ground state, which is the goal of the present work.
General features of the nuclear structure of 229 Th are expected to be similar to other nuclei in the actinide region. They are characterized by a combination of collective rotations and vibrations of the quadrupole-octupole deformed core with the single-particle motion of an unpaired neutron [10] [11] [12] . The ground state rms charge radii of thorium isotopes from 227 to 230 and 232 have been inferred from measured isotope shifts of Th + [13] .
The direct observation of the isomeric 229m Th decay was reported by von der Wense et al. [14] and the internal conversion decay half-life of neutral 229m Th was measured by Seiferle et al. [15] . Information on the isomer 229m Th became available recently from an experiment with trapped 229 Th recoil ions from α-decay of 233 U [16] , indicating a small increase of the rms charge radius of the isomer by about 0.001 fm. Theoretical predictions on this number had been disputed in the context of estimating the sensitivity K of the 229 Th nuclear transition frequency to variation of the fine-structure constant. This sensitivity is determined by the change in Coulomb energy ∆E C between the ground state and the isomer [7] [8] [9] . Predictions vary between ∆E C ≈ 0, expected for negligible coupling between the unpaired neutron and the proton core, and a value on the order of 1 MeV, being required as a Coulomb contribution to compensate similar changes of opposite sign in the contributions from the strong interaction in order to arrive at the small total transition energy of 7.8 eV. Solving this problem based on experimental data on the isomeric charge radius change requires therefore a precise determination of the nuclear radii and moments [9] .
In order to improve the knowledge on the rms radii difference between isotopes of heavy systems, both reliable ab initio calculations and precise isotope shift measurements are required. To achieve the required precision, we have carried out the first calculation of the specific mass shift with the high-precision method that combines configuration interaction and the all-order linearized coupled-cluster method.
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Theoretical calculation. We carry out isotope shift (IS) calculations in Th + and Th 2+ , as well as experimental measurements in Th 2+ to extract the difference in the rms radii of the 229 Th and 232 Th. These calculations are particularly challenging since Th ions are heavy systems with mixed electronic configurations containing 5f electrons that are very strongly correlated with core electrons. Therefore, both core-valence and valence-valence correlations have to be accounted for with a high precision. To achieve this, we use the hybrid approach that combines configuration interaction (CI) and the allorder linearized coupled-cluster methods [CI+all-order] [17, 18] . The isotope shift separates into the mass shift and the field shift (FS). The mass shift is further separated into the normal mass shift (NMS), simply calculated by the scaling of the experimental transition energy and the specific mass shift (SMS), which is very hard to calculate accurately [19] .
The total change in the atomic frequency is given by
where η A A can be defined (see, e.g., [20] ) as
and c k are the nuclear parameters. Assuming that the nucleus can be modeled as a homogeneously charged ball of the radius R, it is easy to show that in the linear approximation over (δR)
where a k are the numerical coefficients and R ≡ R A ≈ R A . As follows from Eq. (4), the ratios δ r 2k A A /δ r 2 A A do not depend on (δR) A A in this approximation. Then, introducing the coefficient K FS , defined as
we can rewrite Eq. (1) as follows
Earlier calculations [13, 18] assumed negligible SMS correction for Th, however we find that it cannot be omitted in a precision calculation. A lowest-order estimate of the SMS correction to the relevant one-electron orbitals in the potential of the Th 4+ ionic core indicated that SMS can be a few percent of the total IS, requiring further calculations. The NMS correction is only a few MHz for the transitions of interest to this work and is negligible at the present level of accuracy.
The field shift operator, H FS , modifies the Coulomb potential inside the nucleus. We use the "finite field" method, which means that perturbation is added to the initial Hamiltonian with the arbitrary coefficient λ:
The coefficient λ has to be sufficiently large to make the effect of the field shift significantly larger than the numerical uncertainty of the calculations but small enough to keep the change in the energy linear with λ. We find eigenvalues E by direct diagonalization of H λ and then find field shift coefficient K FS as [21, 22] :
It was verified that using the Fermi distribution does not change the results well within the uncertainties of the calculations [23] . The conversion factor from atomic units to SI units for the coefficient K FS is 1 a.u. = 2.3497·10 −3 GHz/fm 2 . The specific mass shift is calculated by modifying the Hamiltonian with the SMS operator H −→ H λ = H + λH SMS . The SMS coefficient is given by the corresponding derivative K SMS = ∂E ∂λ . The conversion factor from atomic units to SI units for the coefficient K SMS is 1 a.u. = 3609.46 GHz/amu.
Experimental method. In the experiment we use a radio-frequency trap [24] loaded with ≈ 10 6 Th + ions by laser ablation from a target containing 229 Th and 232 Th and further three-photon ionization of trapped Th + to produce ≈ 10 3 Th 2+ ions [16] . The ions are cooled close to room temperature by collisions with a high-purity argon buffer gas. The isotopic shift between 229 Th and 232 Th is measured for three transitions in Th 2+ from the electronic ground state and the low-lying 63 2 state (levels are labeled by their energy in cm −1 and electronic angular momentum J as subscript, see Fig. 1 ). We excite the transitions from the state 0 4 to the states 15148 4 and 21784 4 with external-cavity diode lasers (ECDL) at 660 nm and 459 nm respectively and the transition from the level 63 2 to 20711 1 with an ECDL at 484 nm. The 63 2 state is populated by about 30% of the ions in the trap, which provides suitable excitation signals. The output power of all lasers is in the range of 10 mW. We scan the frequency of the ECDLs in the range of ≈ 10 GHz to cover the frequency interval between the 232 Th and 229 Th isotopes. The laser beams are retro-reflected to provide saturated absorption spectroscopy. To measure the frequency detuning of the lasers during the scanning, a temperature stabilized confocal cavity is used. The fluorescence detection is provided by a photomultiplier operating in photon counting mode. For the excitations at 459 nm and 484 nm sensitive fluorescence detection of these ions is performed using decay channels at other wavelengths, free from background of laser stray light. The fluorescence signal for the excitation at 660 nm is detected on the same wavelength and therefore is not free from laser background. The three spectra are shown in Fig. 2 HFS are not resolved due to insufficient signal-to-noise ratio, limited by the ion storage time. The resolution is therefore limited to the Doppler-broadened absorption linewidth in the range of 750 MHz. To identify the center of each HFS of 229 Th 2+ , we fit the shape of the HFS using the hyperfine constants presented in [25] and calculate the frequency for A = B = 0.
Results. The results for the FS and SMS ∂E/∂λ derivatives and coefficients are summarized in Table I . We use two different methods for the calculations of the field shift: combination of the CI with many-body perturbation theory (CI+MBPT) [27] and more accurate CI+all-order method [17] . These approaches allow one to incorporate core excitations in the CI method by constructing an effective Hamiltonian H eff using either second-order MBPT or linearized coupled-cluster methods, respectively. The CI+all-order method includes third-and higher-order corrections to the effective Hamiltonian. Using two methods allows to establish the effect of the higher orders and to estimate the accuracy of the final results. The corresponding results for the derivatives are given in the columns labeled CI+MBPT and CI+All. The difference between these results gives an estimate of the uncertainty of our calculation, listed in the "Diff." column in %. For the 5f 2 3 H 4 state, the CI+MBPT approximation gives incorrect level mixing with the J = 4 even states leading to a poor result for the IS.
We note that we use a much larger set of the configurations in the CI calculation in comparison with [18] . The number of configurations was increased to ensure negligible numerical uncertainty in the CI calculation.
The SMS in GHz is listed in the δν SMS column. The SMS is 3-4% of the total IS in two Th 2+ transitions of interest but only 1% for the Th + transition listed in Table I. Taking into account that the SMS is small, we calculate it only in the CI+all-order approximation. We roughly estimate its uncertainty as the difference of the one-electron SMS for averaged 6d − 5f difference, (-0.366 GHz), and final CI+all-order values. Thus, the uncertainties for the 5f 6d − 6d
2 Th 2+ and 5f 6d 2 − 6d7s 2 Th + transitions are ∼ 20%. The value of δ r 2 232,229 is extracted by combining experimental and theoretical values according to Eq. (6). The theoretical result for the 6d7s 2 − 5f 6d 2 transition in Th + ion is more accurate, the uncertainty being about 6%, because the FS shifts the levels in the opposite directions. As a result, there is no cancellation between upper and lower levels FS, leading to higher ac- F 2 − 5f 6d 1 P 1 IS in Th 2+ to be 10% based on the difference of the CI+MBPT and CI+all-order results. In the other three cases, this procedure is expected to significantly overestimate the uncertainty due to poor approximation given by the CI+MBPT. Therefore, we use the absolute uncertainly in the FS constant, 2.7 GHz/fm 2 , for the 6d 2 3 F 2 − 5f 6d 1 P 1 transition as the uncertainty for the other three Th 2+ 6d − 5f transitions. The final value is the weighted average of the two results obtained for the 5f 6d−6d
2 Th 2+ and 5f 6d 2 −6d7s since we cannot reliably estimate their uncertainties. However, the rms results extracted from all transitions are consistent well within the estimated uncertainties.
The final result is δ r 2 232,229 = 0.299(15) fm 2 . This result is in a good agreement with the present value 0.33(5) fm 2 [13] but is 3 times more accurate. A compilation of data on nuclear ground state charge radii [28] gives δ r 2 232,229 = 0.334(8) fm 2 , relying on Ref. [13] as reference data for thorium, combined with a fit over isotopic sequences of other elements.
We can now give an updated value for the mean-square radius change between 229 Th and its low lying isomer 229m Th, since it is derived from δ r 2 232,229 and the ratio of the isomeric line shift and the isotopic shift between 232 Th and 229 Th. Using the ratio of the isomeric and isotopic shifts given in [16] and our value for δ r 2 232,229 , we obtain δ r 2 229m,229 = 0.0105(13) fm 2 . The smallness of the difference of the rms charge radii between isomer and ground state makes it challenging to determine the difference in Coulomb energy as proposed in [9] because quadrupole and higher-order deformations lead to significant contributions. We have performed numerical calculations of the Coulomb energy in the liquid drop model for shapes in the range of the 229 Th ground state deformations β 2 = 0.2, β 3 = 0.1, and β 4 = 0.1 [12, 29] . The present uncertainty from the spherical contribution δ r 2 229m,229 to the Coulomb energy difference is about 30 keV. In order to reach a similar uncertainty for the deformed nucleus (regardless of uncertainty from the nuclear model) the differences in the three parameters β 2 , β 3 and β 4 will have to be determined experimentally with uncertainties in the low 10 −3 range. This emphasizes the interest in precision studies of the 229 Th
3+
hyperfine structure, including higher-order contributions beyond the electric quadrupole [30] .
